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HOSRNINKOPIJ WIJKLMINKOP O WOPYNKNNKXT S OUTJY IMT LIYTU OP NT YOJNKOP O IP OR^
NKS KINKOP RMOLJTS  TMT I YTN O RIMIS TNTM XIJTY IMT NO L T UTNTMS KPTU YW NIN NT
UKYWMTRIPWZ LTNTTP NT RMTUKWNTU YKSJINTU  MTYROPYT IPU NT TRTMKS TPNIJJZ OLYTMXTU
MTYROPYT KY S KPKS KTU   MIS TOM NIN KY LIYTU OP NT OMSJINKOP O IP IU OKPN




OM NT YOJNKOP O YW ORNKS KINKOP RMOLJTS Y   OM
I YR TWKVW MTIJKINKOP O NT \TPTMIJ OMS IN  NT UTMKXINKXTY IMT PTTUTU O NT PUTMJZ KP\
WOPYNKNNKXT MTJINKOP  L ON  KN MTYR TWN NO NT RIMISTNTMY NO L T WIJKLMINTU  IY TJJ IY  KN
MTYR TWN NO NT TXOJNKOP KPNTMPIJ XIMKILJTY  ¡P NKY MTROMN  NOYT MTJINKOPY R TMNKPTPN NO
NT [TM\YNM]S^[OZWT S OUTJ IMT UTMKXTU  ¢TYT MTJINKOPY IMT JINTM NO L T YTU OM WIMMZKP\
ON PS TMKWIJ YKSJINKOPY  NO IRRTIM KP £


¢T [TM\YNM]S^[OZWT SOUTJ IY RMOROYTU KP ¤

NO UTYWMKL T NT S TWIPKWIJ MTYROPYT
OM MINT^UTR TPUTPN S INTMKIJY KW TKLKN ZYNTMTYKY ROP WZWJKW JOIUKP\  ONTP UTPONTU
IY NT ¥JJKPY T¦TWN  ¢ZRKWIJ S INTMKIJY O NKY NZR T IMT MLLTM TJIYNOS TMY  KP RIMNKWJIM




¢KY MTROMN KY OM\IPKTU IY OJJO Y    KMYN  NT [TM\YNM]S^[OZWT S OUTJ KY UTYWMKL TU KP








NT MTYNMKWNKOP NO PKI KIJ YNMTYY YNINT KY S IUT IPU NT IYYSRNKOP O KPWOSRMTYYKL KJKNZ
KY IUORNTU  ¢TMTINTM  NT TRJKWKN UTMKXINKXTY  KN MTYR TWN NO RIMIS TNTMY IPU YNINT
XIMKILJTY IMT UTMKXTU    KPIJJZ TRJKWKN TRMTYYKOPY OM UTMKXINKXTY O NT OL TWNKXT PWNKOP





 KMYN  T \KXT I YOMN UTYWMKRNKOP O NT [TM\YNM]S^[OZWT SOUTJ  IY UTYWMKL TU KP UTNIKJ
KP 
¨
KP I VPKNT YNMIKP YTNNKP\  °T NTP RMOWTTU  KN NT YKS RJKVWINKOP NO NT
±
PKI KIJ
YNMTYY YNINT IPU KPWOSRMTYYKL JT S INTMKIJ  ¢T WOMMTYROPUKP\ MTOJO\KWIJ S OUTJ  UTRKWNTU
KP  K\MT

 WOPYKYNY O NO PTNOMY   IPU [  WOPPTWNTU KP RIMIJJTJ  ²TNOM  
KY I ZRTMTJIYNKW YRMKP\ KJT [  KY I ZRTMTJYNKW YRMKP\ YTMKIJJZ WOPPTWNTU NO I XKYWOY
UIYRON  ¢T NONIJ UTOMS INKOP KY
F = F (A) = F (B)
 ¢T YNMTYY IWNKP\ OP ²TNOM  KY
\KXTP XKI NT ³^WIKP ZRTMTJIYNKW SOUTJ RMOROYTU LZ ´























3F ·F T IPU j(B∗) =√
Tr[B∗]/3
 ¥OMTOXTM  A−1(x) KY NT KPXTMYT µIP\TX KP PWNKOP \KXTP LZ













IMT S INTMKIJ RIMISTNTMY 

      Ł
A B
¶·¸¹ º» Ł¼¸·½¼ ¹¾¹¿¿· À ¿ Á¹¸¿¹ÂÃ ÄÁÅ½ ½¿·¿¿·Æ Ã¼ À¹ ¹ÇÇ¹ 
È
KPWT NT KP\MTUKTPNY KP 

 IMT IJJ U KMTWNJZ WOSRNILJT MOS
F
 KN KY WOPXTPKTPN MOS I
WOSRNINKOPIJ ROKPN NO NMTIN NT YNMTYY IY I PWNKOP O
F
 K T 
σ
(A) def= σ(A)(F )
£
¢T YNMTYY KP ²TNOM [ KY TRMTYYTU JKT 

 Q OTXTM  KP NTMS Y O NT TJIYNKW ROMNKOP 
F
e  O NT NONIJ UTOMS INKOP XKI I SJNKRJKWINKXT YRJKN 








RIMISTNTMY  ¢T NONIJ YNMTYY KY YKS RJZ NT YS O NT NO PTNOM WOPNMKLNKOPY














= F eLe(F e)−1
































IMT S INTMKIJ RIMIS TNTMY KP









 OM NT WIYT O PKI KIJ YNMTYY YNINT  KJT IYYS KP\ KPWOSRMTYYKL JT S INTMKIJ  T WIP
TRMTYY NT UTOMS INKOP \MIUKTPN
F













  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   Ł
 MNTMSOMT  T IXT NIN
σ22 = σ33 = 0
Q TPWT MOS 

 T OLNIKP KPWOSRMTYYKL KJKNZ É
κ→∞, J → 1 É




























































 OM PTNOM [  NT NONIJ YNMTNW
λ







 °T SIZ NTP YSSIMKT NT TRMTYYKOP OM NT YNMTYY KP
NT JOP\KNUKPIJ UKMTWNKOP Î IY




































IPU A−1(x) IMT UTVPTU KP  IPU   MTYR TWNKXTJZ ²ONT NIN f (A) IPU f (B)
IMT NT YIS T PWNKOP Q NTZ OPJZ UK¦TM  M N NT WOKWT O TJIYNKW RIMISTNTMY 
¢T TXOJNKOP TÍINKOP OM NT YNINT XIMKILJT
q
MTIUY
q˙ − λv(q)γ˙(q)N (B)(q) = 0, q(0) = 0 ¨
TMT





¢O YSSIMKT  NT S INTMKIJ RIMIS TNTM YTN NO L T UTNTMS KPTU KP NT WIJKLMINKOP KY
p = {µ(A), j(A)lock, µ(B), j(B)lock︸ ︷︷ ︸
”elastic”




 ¹¿¹·½¿ ¿ ·¿¿· Ñ¹ ¿ ¼¸·¿·¼ ¿¹¿½
λ(t)
· ¾¹½¹·Ç  
¤













 NT S OUTJ OMS IN OM WIJKLMINKOP O WOPYNKNNKXT SOUTJY PUTM PKI KIJ YNMTYY
YNINT IY TRMTYYTU IY É   KPU NT S INTMKIJ RIMISTNTM YTN
p ∈ Rm YW NIN NT OL TWNKXT
PWNKOP












q˙ − h(p, q) = 0, q(0) = 0 Ë
ÙYKP\ NT OMS IN OM WIJKLMINKOP  IY UTYWMKL TU KP 

 NT VMYN IPU YTWOPU UTMKXINKXTY
O
h(p, q)










h′′qq(p, q) F ′p(p, q)
 F ′q(p, q)
 F ′′pp(p, q)
 F ′′pq(p, q)
IPU
F ′′qq(p, q)






¢T TRJKWKN TRMTYYKOP OM NT UTMKXINKXTY O
h(p, q)
IMT OLNIKPTU INTM YNMIK\NOMIMU
UK¦TMTPNKINKOP









h′q(p, q) = N(q)γ˙(p, q) + λ
v(q)N(q)γ˙′q(p, q)
£














h′′qq(p, q) = λ






TMT KN IY PONTU NIN
N ′q(q) = 0
OM







ÛMOWTTUKP\  KN NT TRJKWKN UTMKXINKXTY O
γ(p, q)
 T OLNIKP
γ˙(p, q) = γ0 [j(λ
v(q))− 1]C [τ(B)(p, q)]m ´
§









v(q))− 1]C [τ(B)(p, q)](m−1)(τ(B))′µ(B)(p, q)
γ0m [j(λ





[j(λv(q))− 1]C [τ(B)(p, q)]m
γ0 [j(λ
v(q))− 1]C [τ(B)(p, q)]m log(|j(λv(q))− 1|)
γ0 [j(λ




γ˙′q(p, q) = γ0C [j(λ
v(q))− 1]C−1 τm(B)j′λ(λv(q)) + γ0m [j(λv(q))− 1]C τ (m−1)(B) (τ(B))′q
Ê
°T RMOWTTU  KN NT YTWOPU UTMKXINKXTY  VMYN NT WOSROPTPNY O
γ˙′′
pp



































































































































































































+ (m− 1)τm−2B (τB)′q(τB)′j(B)lock
]
γ˙′′qγ0 = C[j(λ










v(q))− 1]C−1τBj′λ(λv(q)) + γ0C(j(λv(q))− 1)C−1τmB log |j(λv(q))− 1|j′λ(λv(q))
γ˙′′qm = γ0C[j(λ








v(q))− 1]C−1τmB j′′λλ(λv(q)) + γ0Cm[j(λv(q))− 1]C−1τm−1B j′λ(λv(q))(τB)′q
§£
+γ0C(C − 1)[j(λv(q))− 1]C−2τmB [j′λ(λv(q))]2 + γ0m[j(λv(q))− 1]Cτm−1B (τB)′′qq







































TMT KN IY YTU NIN
(λe)′q(q) = −(1 + q)−2λ

































sgn(f (B)(p, λe(q)))(f (B))′′λeλe(p, λ
e(q))[(1 + q)−2λ]2
§Ê
TMT KN IY YTU NIN
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¡N KY PONTU NIN NT VMYN IPU OMN NTMS Y KP 
¨
Ê IMT KUTPNKWIJ 
¢T TRMTYYKOPY OM
f (B)
IPU WOMMTYROPUKP\ UTMKXINKXTY IMT YKS KJIM NO NIN O
f (A)
Q
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°T MTWIJJ NT KPXTMYT µIP\TXKP PWNKOP MOS 






      Ł
IPU T PONT NIN NTMT KY PO TRJKWKN TRMTYYKOP OM
y = A−1(x)  ãPT ROYYKL KJKNZ KY NO




¡PYNTIU O PSTMKWIJJZ WOSRNKP\
y = A−1(x) OM \KXTP x LZ YOJX KP\ OM y MOS A(y) =
x
 IP IRRMO KS INKOP OMSJI KY YTU KP RMIWNKWT   ¢IZJOM YTMKTY KY PON IP ORNKOP YKPWT
KN \KXTY ROOM IRRMO KS INKOP WJOYT NO NT YKP\JIM ROKPN
x± 1  ÛIUä IRRMO KS INKOPY IXT
L TTP RMOR OYTU  OTXTM §

Y\\TYNY NT YKSRJT OMSJI
A−1(x) =
{
1.31446 tan(1.58986x) + 0.91209x |x| < 0.84136
1









+ 0.91209 |x| < 0.84136
1















Ê  NT OL TWNKXT PWNKOP IY UTVPTU  ÙROP UK¦TMTPNKINKP\  T OLNIKP













F ′p(p, q) =
Nobs∑
i






F ′q(p, q) =
Nobs∑
i






F ′′pp(p, q) =
Nobs∑
i




F ′′pq(p, q) =
Nobs∑
i




F ′′qq(p, q) =
Nobs∑
i







      Ł
TMT
σ(p, q) = f (A)(p, λ) + f (B)(p, λe(q))
³§
σ′p(p, q) = (f











σ′′pp(p, q) = (f



















(λe)(q) = (1 + q)−1λ Ã (λe)′q(q) = −(1 + q)−2λ
IPU
(λe)′′qq(q) = 2(1 + q)
−3λ

 OM NT UIJ WOSRNINKOP O YTPYKNKX KNKTY  T PTTU

















¢T TRMTYYKOPY \KXTP KP NKY MTROMN IXT L TTP XTMKVTU LZ WOSRIMKP\ IPIJZNKWIJ MTYJNY
 KN MTYJNY MOS PSTMKWIJ U K¦TMTPNKINKOP YKP\ NT OJJO KP\ VPKNT UK¦TMTPWT YWTS TY
∂g(x, y)
∂x
























[  ëT JTM  ìns
k
ego j í gdgej î
q





















ò  óOIPYYOP IPU ô  ÝPTYYOP  ÛIMISTNTM KUTPNKVWINKOP KP WOPYNKNNKXT S OUTJY X KI



































ò  óOIPYYOP IPU ô  ÝPTYYOP  HIJKLMINKOP O I WJIYY O POPJKPTIM XKYWOJTIYNKWKNZ








































 [TM\YNM]S IPU ¥ H  [OZWT  HOPYNKNNKXT S OUTJKP\ O NT JIM\T YNMIKP NKS T^




















































 [TM\YNM]S IPU ¥ H  [OZWT  µIM\T YNMIKP NKS T^UTR TPUTPN L TIXKOM O V JJTU TJIY^















Ì ¥  MMUI IPU ¥ H  [OZWT   NMTT^UKS TPYKOPIJ WOPYNKNNKXT SOUTJ OM NT JIM\T
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